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Linear Equations
•

equation in n variables in the form

9,7L , t 92712-1 . . . t ankn = b

where x , ,xz . . . xn are unknown variables
,

9 , , az . . . an are coefficients and

b is a constant

system of Linear Equations

SYSTEM of LINEAR EQUATIONS

( minions
. Eonntexists

CONSISTENT

one unique infinitely
solution many solutions

° set of m equations and n variables

All X , t 9,2Kz t . . . t a ,nun = b
,

Au 74 t 922 Xz t a - . t AznXn
= b
z

:
(

Amini t 9mLXz t - - -
t AmnIn = bm



MATRIX REPRESENTATION

All 912 - - . 9in 7C , bi

Az, 922 . . . Azn X Xz = b2
I

- l

: : i

Am , Amz ' - . Amn
"
n bm

Mxn Nx ,
mxl

A X b

coefficient matrix matrix of matrix of
unknowns right -side

constants

° aij : component of ith row and jth column

. if m=n
, square matrix of n equations and n unknowns

° if all b's are zero , homogeneous system of equations ;
if any one b is nonzero

,
non-homogeneous system of equations

AUGMENTED MATRIX

All 912 - - . 9in :b,

Matrix [A :b] = Az, Azz
.

. . . Azn : bz

:

Ami Amz ' - . Amn : bn
mxlntl)

SINGULAR MATRIX

Matrix whose determinant is o



solution to system of Linear Equations
ELEMENTARY ROW TRANSFORMATIONS

D Ri → k Ri (k¥0)

multiply entries of a row by non -zero scalar

2) Ri → Rit KRJ (k¥0)
sum of itself and non-zero scalar multiple of another row

3) Ri ← Rj
swap two rows

A X = BI

to transform f
IX = BA

-I

EQUIVALENT MATRICES

. if two matrices A and B are such that each of them can

be obtained from the other by a definite number of elementary
transformations

, they are said to be equivalent

• A II B

Echelon Form of a matrix

e. A rectangular matrix Amin is said to be in echelon

form if it satisfies the following conditions

I
.
First non-zero element of each row is called pivot element

2
. All entries below the pivot in its column must be 0



3. Each pivot lies right to the pivot of the previous row C produces
staircase pattern)

4 . Zero rows (if they exist) lie at the bottom of the matrix

° Example :

too:÷:&
..

. if square matrix , Upper Triangular Matrix : determinant =P
,xpz . -

- Pn

ROW REDUCED ECHELON FORM CRREF)

° Every row in echelon form must be divided by its pivot
such that the first nonzero element is always I

convert too

iii.i.
n'"
""

II::O:in:*.me::main::
geometry of Le

Row Picture
° 2 variables and 2 equations
. 2 straight lines in two dimensions
a solution : unique point of intersection of lines



row picture
Q1 . Solve

,
show row picture n y n

2x -y
--0

7

22-y = O -xt2y=3
-xt2y =3 • (1,27

C-310) x

(? 1) (g) =/ ;] {
• •

cons
'

A X B

2x-y
-
- O

L

x O l v

y 02

-xt2y=3
a -31

y 02

Column Picture

o combination of column vectors on the left side that produces

right hand side

column picture
Q2. Solve

,
show column picture

^
2x-y = O
-x -12g =3

F -
n
,

til
a

linear combination r i

,

f of columns i

C i )
" (4) tuft )

-
- f ;] i

column l column 2 If?,]

if } ] -12113--19)
v



my
•

g
Os. Solve and show row 4 column pictures x-y

-
-t

x-y =
- I

Coy) • CLIP
2x ty

-

- 4
• (2,0) x

( -

y

Row picture : solving , we get 4,27
unique solutions c 2xty=4
two lines intersect at Clp)

J

v

ft ) ng
A

column picture : linear combination .
'

.

of ( L) and f ;
' ] gives ft ) i '

iffy
fit
"
"
r x

C 7

Three Dimensions u

ROW Picture

intersection of 3 planes at a point
(unique solution)

column Picture

linear combination of vectors to

form parallelepiped



Equation of line
A line in n dimensions requires n- l equations cnzz)

singular cases in 2 -D

l . Two lines are parallel (no solution)

2
. Two lines are coincident (same line

,
infinite solutions)

Three lines



singular cases in 3 -D

l . Every pair of lines interset 2
.
Three planes have a line

in a line and all those lines in common

are parallel

-
-
.
.
.

'

'
.

- - -

3 . All three planes parallel 4. Two planes parallel

5 . Two planes intersect in 6 . All three planes overlap
a line and third parallel

x

÷!



Column Picture

Auk , tankz t 91343
= b

I

:::i ::::c: :::::
⇒ " l: "t: "t:÷H¥l

• each column vector is position vector with origin as

a point

° these cot vectors lie on a plane (pass through origin)

• every combination of these vectors on LHS lie in the same

plane (3 vectors coplanar)

. if vector b is not on the plane , system is singular and
has no solution

° if vector b is on the plane , infinite number of solutions



GAUSSIAN ELIMINATION

bank of mating

• a square matrix A of order n is said to have rank r if

- at least one minor of order r does not vanish Club -

determinant not o)
-

every minor of order
rtl vanishes

° rank of matrix A is denoted by rankCA) -- r

o no . of nonzero rows in echelon form of A

04 . Find the rank of the following

ca> A -- ( f z ) r -- 2 Cbs B -- fol o2) r
-
- I ④ c -- (oooo) r -- o

" "

f! !
" " ⇐

f! ! :/
" '" "

I:& !)
"

⑨ ay;÷÷÷)
"



Relationship Between Rank
, consistency and solution

if rankCA) -- r
,
then

I . if rankCA) = rankCA:b)-- r
, system Ax -- b is consistent and

has a solution

2 . if rank (A) = rank CA :b) =r=n
, system Ax --b is consistent and

has a unique solution

3 . if rankCA) = rankCA :b) -- r Ln
, system Ax -- b is consistent and

has infinite no
. of solutions

4 . if rankCA) =/ rank (A :b) , system Ax -- b is inconsistent and has

no solution

Gaussian Elimination

• check for consistency and solve linear equations

° for given system of LE AX--b apply elementary row transformations
to the augmented matrix CA :b] and reduce it to [u :c] where

U is an upper Triangular matrix

• we get an equivalent system Ux --C which can be solved by
backward substitution

• Here A and U are Equivalent matrices and hence solution of

AX -- b is the same as solution of Vx --C



steps For Elementary Row Transformations in YG
i. No exchange of rows

2. First row should be unaltered

3. First nonzero element in nonzero row is called pivot

4. Ax--b and UX =L have same solution

example

all k t an Y t 9132
= b

,

Az, X t 922 y
t 9232 = b.a

931 " t 932 y
t 9332 = bz

cant :÷÷÷:÷÷
'

To
" :: :: : :pRz - @a3÷) Ri O dzz d33 : Cs

[ U :c ] = (
9" 912 913 :b , ) a

Rs - (daff) RL
O dzz dzz '

- Cz
O O ezz

'

- 4



Os. check for consistency and solve if consistent

cant :b :3. :i:÷¥ :
'

: -1¥
.
:÷!

(
'

o

'

o

-

7.4 : Ifc
Rs - ma

O O O O
'

. O

n -- 4

r ( CA :b7) = Z

r CA) = 2

r CA ) -- r CCA :b)) L n

i . consistent with infinite no
. of solutions

N
, t Nz

- Luz t 4714=5
N3

-724=-7



ab . check for consistency and solve if consistent

X , t
k z t Iz tay = 4

2x
, -1342 t 323

- Ky =3

5K , t 712 t 4×3 t 94=5

"÷ : .is#::ii::i.i:i::sIs

( o
'

f f 's ! Is) e Rs - 2b
O O - 3 2 : - 5

n -- 4 r CA) =3 rCCA :b7)=3

-13 -I
i. consistent with infinite no

. of solutions 3

X , t ka t Xz
t 24 = 4

R2 ta z
- 3214 = -5

-135-25-3×3+2x
y
= - 5 3

Let Ky = K - 3×3 t 2h = -25 Kz -123k -1255
- 3k = -5

- 3kg =
-2K-25

Kz = -201k -11
"
3
= 31kt 3 3

3

74 -41kt} -123k -1235 t k
-
- 4

3

x
,
= -2¥ -1353



Oi. check for consistency and solve if consistent

24 t 2xz t xz =3

2x , t 5k z
- kg = -4

324 - 2xz - 7cg = 5

cnn.li .÷÷÷÷I:÷÷l : : ÷
'

it

{ to 2

, 13 ! Io) e Rs -18122O O - 28 : -84

n=3

r CA) =3

r ( CA :b]) =3

i. consistent with unique solution

Kc f-222 f Xz =3

Xz - 37cg =
- IO

- 28kg =
- 84

213=3 Nz - 9 = - IO x
,
-21-3=3

Kz =
- l x ,

= 2



08
. check for consistency and solve if consistent

2x - 3g +22=1
5k -Sy f-72=1

y
- 42 =3

cnn.to?sIi:i.le-M:oYaEi:tst

[ do I}z } Spy , Rs -12k

O O O : O

✓ CA) --2

RCA :b7=2

n =3

.

'

. consistent with infinite no
. of solutions

2x - 3.y -122=1
-

Ey -122=-3/2

Let 2 --W -

yz +2k
=
-3/2 2x - 313 -14k) -12k =/

2x - 9 - 12kt 2K =L
-

Yz
= -22 - 2K 2x = lot 10K

x = 5k -15

y =
3 -14k

(x , y ,2) = (5145
,
3 -14k

,
K)



09 . check for consistency and solve if consistent

X , t
2xz tag =3

2x , t 512 - Kz = - 4

3N , -212 -Kz = 5

cnn.fi?.:i::t::::i.l::t:i:II

( to 2, 13 ! Io) c
Rs -18122

O O -28 : -84

HA) =3 i. consistent with unique solution

r CA :b) =3

n =3

K, + 2Kz t Xz =3

22 -3×3=-10
-28×3=-84

-28×3=-84
Xz - 9 = - to a

,
-2 t 3 =3

713--3
Xz =

- I 74=2



010 . check for consistency and solve if consistent

Net Kz - 2×3 t 3×4 = 4

2x
, t 372-1323

- Ky =3

5k
,
t 7×2 t 423 tx 4--5

II ! ÷ : 'd : i
-

i : :
O 2 14 - 14 : -15

[
'

o

'

, 7.3 ! Is] Rs - 2K
c

O O O O : -5

n-- 4

r CA)= 2

r (CA :b]) =3

.
: inconsistent and no solution

All
. check for consistency and solve if consistent

x ty - 2 = 2

X -12g -12 =3
atyt Cat-5)z

-

- a

iii. ii. ÷ : : : :÷÷
.
!

if at 1=2

n=3
.

'

. consistent with unique solution

r CA ) =3

r CA :b) =3



Icty -2=2

y -122=1
(AZ- 4)2 = a - 2

z= = I
al - 4 a -12

yt 2- =L
a -12

y
= a-2 = a-
at 2 a-12

" + ¥2 attz
= 2

X = 2 a -14 - att
=
a -15
- -

a -12 a-12

cx.az) -- ( aaz , Iz ' at)

Ita -

-21 ! !
- '

z
:?:o)

HA> = 2 = RCA:b) ( n

i . consistent with infinite no
. of solutions



X t y
- 2 = 2

y -122=1

Let 2 -- k y +2k =
l X t l - 2K- k = 2

y = I
-2K x + I - 3k -- 2

7C = I -13k

94 y, 2) = ( I -13k , I
-2k

, K)

Ifa -- -r

f ! !
- '

z
:

:L
, ]

HA) = 2

RCA:b) =3 .
: inconsistent and no solution

⑦12 . It 2 = 1

x ty -12=2
n -y -12=1

cnn.li ! !
'

il ::÷l : : : :

Cao -

- f ! I to
:

:! ) c'
23+122

8 (A) = 2 r CCA :b'D =3 n=3

i. inconsistent and no solution



QB. check for consistency and solve if consistent

X tYt 2=8

2x-3yt 42=3
32C-y-32=6

cnn.tt ÷÷÷l÷¥ 's :¥÷÷i:L

( f e's L : Eb) e
Rs- Ir-

o o -3¥ : -3¥

TCA)=3 = r( CA :bD= h

-
: consistent, unique solution

-3512 = -3¥ - 5g +2=-13 k -13+1=8
-5y=

- 15 x = 4

2=1 y =3

(key,D=
(4,3 , l)



Breakdown of Elimination

. if a zero appears in pivot position, elimination needs to stop
temporarily or permanently

° if problem can be cured 4elimination can proceed , system is
non- singular

• if breakdown is unavoidable/ permanent, system is singular and
has no solution ) infinitely many solutions

• Non - singular and curable CIAHo)

• Singular and incurable CI Al -- O)

. Singular CIA1=0)

014. check for consistency and solve if consistent

Kty-12=-3

2x-125152=6
pivot is 0

4xt6y-182=7

cnn.lt :
'

:
'

: REM
'

:&! !
non - singular 6 curable

swap rows

( & I & I! ) c Ra← Rs



32--12 2yt 16=19 kt3z -14=-3
2=4 y

-

- I
2 2=-11

2

Kiya ) -- ( Iz , Zz ,
4)

as
.
check for consistency and solve if consistent

K t y t 2=6
XTy -132=10
x -12g-142=12

cnn.li
'

:{ ÷.is#H:i 's :÷)
non - singular Ee curable

{ too ! !! :& ) , RE' 123

22=4 y-13×2=6 Kt 2=6

2=2 y
'

- O K -- 4

Hey , 2) = ( 4,0 , 2)



GG
.
check for consistency and solve if consistent

xtyt 2=6

Icty -132=10

pivot
-
-o

hey -142=13

/
cnn.fi ! !

'

i'¥7.1
'

:&"÷÷i
. )

Ktyt2=6
22=4

32=13 ] impossible (2--242--1312)

incurable and singular

on . check for consistency and solve if consistent

Kt y-12=6

Icty-132=10

Kty-142=12 rows consistent

cart ! ! : : I I :O 's ÷:D
Rs - Zz Rz singular,

[
'

o

'

o

'

i:{ 1 a
curable

O O O : O

TLA) = 2 = VCA :b) L n



i. consistent
,
infinite no

, of solutions

22=4 Let y
-

- k Xt k -12=6

2=2 K = 4 -k

⑦ cy ,
2) = ( 4 -K , k , 2)

018 . Utvtw -
-
-2

3ut3V -w = 6

U - view = - I

cnn.fi : 'i÷÷:÷÷÷÷÷:3

[ to
.! o

'

:

" -

7) c
R .← Rs

O O -4:12

-4W -
- 12 -2v=1 u -Yz - 3 = -2

w -
- -3 v= -42 U -

- Zz

CU ,v,w)= ( 3/2 , -42 , -3)



019
.

For which 3 no.s
'
a
' will elimination fail?

ax t Ly t 32
-
- bi

Ak t ay + 42 = bz

ax + ay t a2 = by

cnn.la: :{ ÷
.

aoa:3 : :p.
0 a-2 a-3 : bz- b,

la:÷÷÷÷ :L .
" - r.

A
-

- O
,
a = 2 ,

a = 4

020 . For what values of a and b does the following system
have

Li) A unique solution

Lii) Infinitely many solutions
iii) No solution

K t 2y-132=2
-x -Lyta2=-2 elimination
2x t by -162=5 fails

cnn.fi ÷ : :
:

iii.iii. to :¥÷÷H



° b -4 o .

Z

)
R# Rz

[u :c] f
' Z 3 :

.
,

c

O O a-13 : O

is unique solution

• CA) =3 RCA !b) =3 or a f -3
,
b -44

n -- 3

(a-1372=0 (b -4) y =/ kt2 = 2

2=0 y =L
b-4

b-4 k= 2 -2b-4
k=2(bby)Lii) Infinite solutions

TCA) = RCA :b) = 2
,
a =-3

,
b ¥4

(b-47g =/ Let x -

- k

y-1 kt 2- t 32=2
b-4 b-4

32=2-k -2-
b-4

z -- Zz
-

F -3%-47
Ciii) No solutions

RCA) =/ RCA :b)
,
b=4 and a =3 or a -1-3

rank 2 rank 3



021
. ktytz =/

XtD
- 22=3

2K t y -12=2

ii. iii. is :÷i:÷÷÷ :S

to ÷÷÷ ! ) . mars

-32=2 -

y -2=0 x + Iz - Zz
= I

2=-1 -

y -12g
-
- O

3 K =/

y
-

- I
3

Gley , 2) = Cl , 2/3 , -2/3)

022 . K t y t 22 -13T = 13

K - Ly t z t t = 8

3.x t y t 2
- t = I

cnn.li
.÷i÷:{ I :÷÷l÷÷÷÷÷÷s



( o
'

-

'

s 3.3 : ?s ] a Rs-Err
O O -13 -2¥ : -1031
RCA)-- 3 = RCA :b) C n -- 4
i. consistent with a solutions

let t e-K - 3y - 8-1214-21=-5

-13-2 - 231k = -101 y -- - l
X l B

- 132 = 26k - 104

Z= - 2K +8

a - I t 16 -4k -13k = 13

K -115 -K -- B

K -- K -2

923 . K t 2 =/ what if RHS = 412,03 ?
Key -12=2

x- y -12=1

cnn.li : 'i÷÷:÷l : : 's :
:

':3

( o
' 9 '

o
: :] a Btk

O O O : I



RCA) =L

r ( A :b) =3

" ' inconsistent

K t 2 =/

Key -12=2

x- y-12=0

cnn.tie.li:1#Ilo:::::tI

( o
' 9 '

o
: ;] a Btm

O O O : O

HA) -- 2 -- RCA :b) Ln =3

i. consistent with a solutions

let z=k
y
-
- I

ktk -- I

2=1-k

CK
, y , 2)

= ( t-K
,
I
,
K)



024
. Find the values of a and b

k t Yt a 2=2b

x t3yt(2t2a) 2=7 b
32 tbt Gt3a) 2=11 b

is what is trivial solution (all variables have to be o)

di) What is unique non -trivial solution (at least one

nonzero solution)

iii ) what is infinite set of solutions

in No solution

a- in
-

- l ! ! I. I :÷÷÷÷÷÷D

[
'

o

'

a Ea :3's) ,Retro
O 5th : lob

is b -- O
,
a =/ - 5

dis b -1-0
,
at -5

Ciii) b--O
,
a = - 5

Civ) b.to
,
a = -5



025 . Let A =

( Iq § ?
-

§ )
and b -- cbhbzibz.ba)

d) Find values of b such that Ax=b is consistent

Cii ) b-- (2,1 ,7,17 if Cx
,
o
, o ,
D is solution to Axt b

,
what is x ?

can . ÷ :÷i÷÷.:t:÷÷÷÷÷÷÷÷

(30-8%5/3
: :3!+%b , 123 - % Ra

oooo 88 :b.si?sIi.i.%7ab)cR4- 'ha
-

21

Ci ) r CA) -- r CA :b)

by -Z
,

bz -7- b, = O by - big -bye
-

22,1 = 0

7bz-3.bz - 2b , =0 21 by - 2b, -3.bz -2b, =D

21by - 9b , -362=0



dis

130
-

tf 3ps -43: :3 '

at ab bi

: : : : : is::*:! """ "" '

l:÷÷÷÷:÷±÷:*. .. I

=p:: ÷::L
37C - 6×0+2×0 - I = 2

7C = I



ELEMENTARY MATRICES

Elementary matrix Eij is obtained from I by performing
a single elementary row operation

Ri - lij Rj where lij is the multiplier

i. e . I→ Eij

Eg : Ezz : r,-20,47 multiplier

E-3 j -- 2 f
at most one

nonzero entry

III :/- l ! ! ! )
"asia;::a ,

main

3×3
O

3×3

Ezz ' Ez , . Ez,
' A = U from A to U

A = Ez,
' ! Ej

'

Ezj
'

U from u to A

026 . Write down the elementary matrices associated with the given
system of equations

2U t v +3W = - I

Kut v -17W = 5

-Gu -Lv - 12W = -2

Step l : convert to matrix A

a-- II
. .

's
.

:]



Step 2 : convert to Upper Triangular Matrix

a- III. ÷.IE#iiil:.i ! )

agl : -111*4 : .io?.I
equivalent to A

u= Arf ! I I ] → UTM

Step 3 : Identify multipliers

Eai = -2 = ( To § )for Rz = Rz - 212 ,

Ez , =3 = ( § To § )
Esa -- I =/ to 8

,
]



027 . Which elementary matrices put A into UTM V ?

* HIT )

at } -
'

Ii :i÷÷l : Is I

( 30 - ifs -43 ) c
"3+541 R2

O O - 8/11

Ea -

- f -21390 § )
Ea

-

- I .by
,

Yo § )

Eu -

- l ! %
, ,
§ )

E32
- Ez, - Ez ,

' A = U



028
. Which elementary matrices convert A to UTM V ?

" l : ÷÷t

at : ÷ : ÷÷i÷÷I
A N ( §

"

312 4% § , Jc Rs +213 Ra

O O - I 2

124-13/4 Rz
v

" / ! -312 If , E , ) -
- u

O O 5/4

"" l ! ! ! !) en :/ ! ! ! ! )



E 43=1 ! If
,

%
,
J E

43
' Ey - Ez , - A = U

4

029
.
Which elementary matrices convert A to UTM V ?

a- l÷÷÷¥:÷÷÷t÷÷÷ :L
Rat 123

" ÷ :÷i""t÷÷÷ ""t: :÷÷ :L
" "÷ :÷i÷÷÷l÷÷÷÷%÷÷ :L

1124-2122

e-- I :÷÷÷⇐"t÷÷÷:L
- 2 O O O



TRIANGULAR FACTORS

° To undo the steps of Gaussian Elimination and revert

back to original matrix A from U

' Instead of subtracting elementary matrices
,
the inverses

are subtracted from A

• Eu
"

, E3,
"

, Ez! . . . should be obtained by changing
the signs of elementary matrices

° Ea
"

Ez,
"

Ej
'

U = A

→ =L

triangular FACTORISATION - w asymmetric
d

'

Any square matrix A can be factor ised as A = LU where

L : lower triangular matrix
- l 's on diagonal

U :

upper triangular matrix - u 's on diagonal

⇐ lie: ! l "- I:iIt
.... .
elements ;

asymmetric° Introduced by Alan Turing

• one method : use multiplier coefficients from row transformations

( Ez,→ lz , ,
etc.)

←
2

° = b L2=b Ux -

- 2



Qso . Solve the following system of equations using LV decomposition
method.

X , t Xz t Xz =L

44 , t 3×2
- Xz = 6

3N
, +5×2-1 323=4

a-- III. ÷ ) x -

- k¥1 a- I:L
Rz - 312 , 1122

aft :
"'

II ''il!
'

= .

O 2 0

To find L :

Ez, →
- 4 change la , = 4

Ee:L -23 } ez, =3

132 = -2

" III ! ) 2=1%1
L2 -- b

←
forward

II.1911%1=14 )
substitution



Z , = I 4+22=6 3 - 4 t 23=4

22=2 23=5

""

" ÷÷n:÷H± ,
-10kg -

- 5 -Kz -15/2=2 K
, tyz - 1/2 =/

Kz = -42 Kz -- 1/2 K
, =/

Qsl . Solve the following systems of equations using LV decomposition
method.

Lisa -- f! -
'

z
I
,
] , b -11g) Liisa -

- ft o

'

Y ) , b --II
,
]

-2 2 O

iii ) 2utV -13W = - I

Kutv -17W-- 5

- Gu-2v - 12W -- - 2



"

a- l ! ÷ II b -- III
AK = b

Lux = b Ux -- Z

L2 -

- b

a-- fi 's
.
It's H ÷÷÷¥

" too '%.
"
l

"his :*
.
:L a- III

L2 -- b

4=4 8/3 t 22 = I 4/3 +25/33-123=-8

2<=-5/3 23=-111/11

"

i;D



Ux =L

too '%.
"
11,1=1:*!

2=4,1
-

¥y
-

¥ = 3k -Gf -12¥
-

- 4

2=11 y= -61 2=-41
S S 8

"
"

'

n' II 's :3 .nl!

a- II. I :3
'

si
.
:3

! Rz - 2122
a- l ! ! :D



Ez,
→ lz, = 4

Ez, → es,
= -2 2=1 }! )

Ezz → 132=2

" LI ! :L
L2 - b

H
.
: :it÷t."

21=2 4×2+22=6 - 4 - 4+23=-1

22=-2 23=7

UK - 2

I
'

:
'

: HIM



-22=7 2y - 7/2=-2 x -13/4=2

2=-7/2 y
-
- 3/4 745/4

iii ) 2utVt3w= - I

Kutv -170=5
- Gu-2v - l2w= -2

a-- f! ! !. ) b-- II;) of} )
Rz -1312 , f. R2 - 2K ,

too

.it:1#l:.:.II--ui--l.II:.IL2--
b



HI :*:H÷l
2 ,

= - I -2-122=5 3 - 7 -123=-2

22=7 23=2

Ux - Z

l :÷HKH :"W

- 22=2 -

y - 1=7 2x - 8-3=-1

w= - I ✓ = - 8 4=5



triangular FACTORNATION - LDU

,
symmetric

°

Any square matrix A can be factor ised as A = LDU where

L : lower triangular matrix
- l 's on diagonal

D : diagonal matrix - d's on diagonal
U :

upper triangular matrix - I 's on diagonal
I divide row by

pivot

⇐ the:L " I 1 at I

932
.
Solve using LV factorisatin

2x - 3g =3
4k - 5g -12=7
2x - y

-22=5

at : Ii ÷ ?
↳ Rz - 2122

Ezz - Ea - En - A = V

. , U
,
= ( §

-

! I
,
)

L -- [ Ezz - Ez,
- Ez ,]

L -- EI
'

- Ez,
"

- Ezi
'



"His.lu:L :
'

: :L

L2 - b

ki : :X'll 'd
23

z
,
-_ 3 6+22=7 3-12-123=5

22=1 23=0

Up -_ 2

"i :÷n÷H"
- 42=0 y

=L 2x -3=3

2=0 K -- 3



033
.
Find A = LU and A = LDU factorisatin

at.÷÷÷: ÷÷i÷y : ::-# it0 4 13 O

O -2 -14 l l

Ry
- R2 ! Rzt 2122

18--3 It I 18 I ta Ii )O O 5 -2 O O 5 - 2

U O O 8 O O - 10 12

" to:÷¥ .

" I :÷÷÷ :L
I -2

A = LU

l÷÷÷:÷H±i÷÷÷HE÷¥¥
U O O 8



A -- LDU

l÷÷÷i÷Hi÷÷÷÷n÷÷÷ :* :
U O O l

034 . Find A -_ LU and A -- LDU factorisatin

at : ÷ : :
/ Rz -143122
U

Ry-13/4123 2 - I O O

a- I :÷÷÷H÷÷¥÷l
O O O 5/4

Y :* :S: :L
O O - 314 I



A -- LU

A L U

l : ÷÷H÷÷÷÷H:÷÷÷l
I O O O 5/4

A =LDU

L D U

t :÷÷÷÷.lt : "÷:÷n÷÷÷÷t
035 . Find A -- LU and A -- LDU factorisatin

at : : : :L : :÷÷÷÷÷÷l
Ry - R2 f Rz - Rz

u -

- ( E Er Er Er )O O c- s t -s

O O O d-t



Yi : :{ lot :÷÷÷t
O O O d-t

A -

- LU

l : : :÷H : : :÷n:÷÷÷÷÷s
A -

- LDU

ti : : :X:÷÷÷%÷÷¥nii÷¥i¥.
036 . Find A -_ LU and A -- LDU factorisatin

a-HIT"i÷l ! -iii. 1%1



Rz -174, R2

it :# % .
:L a- l ! it

A = LU

H 's tis Il : it

iii. I. ill ! "
ill :

' "

: I
ROW EXCHANGES

° If zero appears in pivot position , row exchanges

° Row exchange is taken care of by Permutation matrices P

° At LV but PA -

- LV where P is a Permutation matrix

( identity matrix with rows in different order)

° Inverse of a permutation matrix = permutation matrix

° P
-I
= PT Pz, = ( O

,
t ) there are 2 ! PMs of order 2



037. Consider y=b , , 2xt3y=bz

Ax -- b

A--1%1151--1%1
←
pivot -_ o

a-- I :O ;] 133,1
Gaussian elimination fails; row exchange

PA :(0,611%1 -

-
Pb -19611%1--1%1

PA -

- LU

" ko ? ] "to :]
P A = L U

1%11%1--1691133,1
A = p

- l
L U = PTL u

1%1--1%116911331



038 . Factorise PA -- LV

at :# I ¥
Rz⇒ Rz
v

ki- L ! ! If u -

- f ! ! ! )
elimination fails

P A

K : in :#H : :÷t:÷ :L
" too . ;)

3 O

PA = LU

l: : :n :#sit : : ill : : "



039 . Factor ise
'

into LV and LDV

a-Hit .¥I¥÷¥ : -0¥ ,
GE fails I Rae Rs

a- too ? H

Pas =/ ! ! %)

Pa -

- f-
'

z ÷ )
'

o
-73 ) - u

O O l

i. f-
'

a 98,1
2 O

P A = LU
PA L uf pivots

al re,ady
t
'

: ¥1 -

- I
'

: : ill .



" too ! ! ) at:
'

il
PA = LDU

L D U

-

- ti : ill : : :X: is

inverses a transposes

. inverse B of a square matrix A is A
"

o AB -- BA -

- I ( identity matrix)

Properties

I - A
"
is unique for a matrix A

2 . (ABCD)
- '
= D-

'
c-
'
B
"

A
- t

if A = LU
,

A
-I
= U

-l
L
- I

3
. A matrix A is invertible if and only if elimination

produces n pivots with or without row exchanges
(without permanent breakdown) elimination solves

Ax=b without

Ax -- b ⇒ x = A-
'
b
←

explicitly finding A
"



Gauss - Jordan Method

o inverse of invertible matrix A is obtained by a set of

row operations that transforms A to I and I to A - I

• augmented matrix [ A : I]

° convert A to U and reduce I to C
.

o reduce u to I and reduce C to A
- I

[ A : I ]→ [ U :c] → [I : A
"
]

040
. Compute A

"

using Gauss -Jordan Method

a-II. III
← pivot

canst! } I ! ! ! ! )
Rz-7 Rst R, I RT Rz - 212 ,

lion 's ÷ : :L
pivot 1123-7 Rz - 3122



pivot

coal ! ! ÷ : :L
R ,→ R, -1kg R3 1132-7122+2/3 Rs

pivot

2 I fo : 10/3 - I 43

to iii. sis "
is ]

!R, → Ri - R2

2 O O : 2/3 O -1/3↳ i. iii. is
'it&

1123R
,-742 R,

→ -43 Rz

⇐atif : : : : 't; ; It:)
O O l : -7/3 I -43

a-
' =L:B

.
: It



041 . Compute A" using Gauss - Jordan Elimination

"'

n' II. ÷ ! )
"'

a -1 ! ! ! )
"'

a-1 ! ! ! )
cats -

- II. ÷ !
'

o : :/
O O l

R5)Rst Ri ! R2-7122 - 212 ,

roots : ÷ : "
f Rz → 123+3/5122

a :c. ft 's. -ii.so, :/
O O -3/5 : -1/53/5 I

R, -712 , -15/3123

g
t "→ "

"
"% "

l l O : 2/3 I 5/3

sis .is : isis .is .it
R , → Ri -145 R2



I
✓

I O O
'

. 1/3 I 413

↳ is .is : i %.
-sit

123-7-5/3123 R2→ - 1/5122

too. :
: is : ily

O O l i 43 - l - 5/3

"'

a -1 ! ! ! )

at : : : ÷ : :L
R
>
→ Rz-R, J Rz→ Rz -212 ,

floats :b : :]
O O l :

- I O l

R
, → R , -31331122-7122+5123

-

I 2 O : 4 O -3( O - I 0 : -7 I 5

O O l : - l O l
-



R
,
→ R

, -12122
V

l O O : -10 2 7

↳ iii. iii. sit
R,→

- Rz

l : :÷÷÷÷÷t
Transpose of a Mattie

. rows Eg columns interchange

a-- f! ! ) at -- II 's -0¥
,

3×2

Properties

1
.
(ATI = A

2
. (AB)T= BTAT

3
. (A-

' IT = CAT)
"

4. (AtB)
T
= AT t BT

s. (A-
' IT AT = (AA

- ' IT = I



Symmetric MATRIX

. AT = A

° if A is symmetric and A
"
exists

,
A-
'
is also symmetric

-

eg : a -- 1737 ) at -- I} I ]

Properties

• (A
-YT = A-

I

. if A is symmetric and A = LDU
,
then

A-- AT = LDLT C '

.

'

U--LT Eg L -- U
' )

042
.
Factor ise into A -- LDU

at : : I:÷::k÷¥t%÷÷tv
Rst Y>RzfRz→ -R2

a-Hein :÷÷m÷÷,
"o÷"



←
non -

043
.
For which 3 no

. s
'

c
'
is this matrix not invertible? singular

P
,
x Pzxpz = IAI

7-4C

at! :{ I:iIEII÷l:÷: t
O O C- 7

IAI -- 2x Cc -E ) x Cc-7)

C- 7 to c
-CI FO

( ( I -⇒ to

CF 7 and Cfo and CF 2

044
.
Use Gauss - Jordan Method to find A

a-ti :
.
:/ a-4! It

1 A b I O O l a b I 0 O

CA
"
:-D

-

- fi a 2

"

÷ ; ;
o

,
)Y÷¥ ( o o z-b ! - t i o )

(
O b 3 O -A O -I 0 I

Rz⇒R3

U



* ÷÷÷÷÷÷ rt : : : : : : "
O O 2-b : - l l O

R ,→ R , t R2

v

i:÷÷÷÷¥
.

"

R
,
→ Re f R2→ -Lara
2-b

l
'

: : ÷: ÷ :::
"

anti it

b- = I ⇒ b = 2 - b
2-b 2b = 2

b -- l

Ya = I =) a = I


